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Abstract 
The buckling of a thin-walled corrugated tube 
can be studied by modeling the tube as a ring of one 
corrugation, if the right boundary conditions, to be 
applied to the edges of the ring, are known. In this 
paper these boundary conditions and the buckling, or 
critical, load· are found with the use of the computer 
program, KSHEL. This program, written by Dr. Arturs 
Kalnins, is used to solve problems dealing with shells 
of revolution. The system of equations that KSHEL 
solves and the method by which it solves them are given 
and the way in which buckling problems are solved is 
discussed. Using this program,the boundary conditions, 
to be used for the corrugated ring are found to be,the 
two genera 1 i zed forces, N~ and Mei,, and the two 
generalized displacements, wand u8, all set equal to 
zero. With these boundary conditions, called 
antisymmetric conditions, applied to a corrugated ring, 
the smallest critical load for that ring can be 
determined. These antisymmetric conditions are than 
used to find the critical external pressure that a 
titanium corrugated ring can withstand before failure. 
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This ring is found to buckle at 2.02 atmospheres. Upon 
embedding this ring in to a tube of 16 corrugations, 
and applying various end conditions to this tube, the 
tube was found to buckle at the same atmospheric 
pressure. After studying the solution to the buckled 
tube, it is also seen that the boundary conditions, 
applied to the corrugated I ring, appear at the 
intersection of corrugations away from the ends, 
regardless of the conditions applied at the ends of tQ~ _ 
,_ ,,,., 
tube . 
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1. Introduction 
The problem of solving for the critical pressure 
and collapse mode of a thin-walled corrugated tube 
subjected to uniform external pressure, with analytical 
methods is a difficult one. An analytic solution, 
based on t·he principle of virtual work, has been 
proposed by H. Bargmann [ 1] . In this paper the 
problem will be solved numerically with the use of 
KSHEL, a computer program, developed by Dr. Arturs 
Kalnins, used in the study of shells of revolution. 
In his paper [1], Bargmann models the tube as an 
elastically embedded ring with a meridian profile of 
one corrugation, restrained in the axial, radial and 
rotational directions. He then uses the equations for 
toroidal shells to determine the stiffnesses of the 
elastic restraints. In the present paper, the tube is 
again modeled as a ring, but the problem consists of 
finding natural boundary conditions to apply to the 
edges of this • ring. Upon finding these boundary 
conditions we use them to determine the critical 
pressure and collapse mode. 
In studying shells of revolution, • a governing 
system of equations must be developed. These 
' • . ,
3 
..... -.... --.. 
/ 
equations, as well as the method used by KSHEL to solve 
them, are given in Sect ion 2. Section 3 discusses 
buckling and the changes that must be made to the 
,,. . 
, , 
system of eqations used in KSHEL. Section 4 discusses 
how KSHEL is used by developing a data file. This data 
file is then used to determine what types of boundary 
conditions should be used to study the corrugated ring. 
A case study is developed 
I in Section 5 and the 
0 
collapse mode and critical pressure are given. The 
results are discussed and further topics of research 
are offered in Section 6. 
·' 
.. 
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2. Governing Equations and the Method of Solution 
A shell of revolution is defined by a plane 
curve, called a meridian, rotated about an axis located 
in the same plane. The position of the meridian is 
defined by R0 , the distance from the curve to the axis 
of rotation, q,, the angle between the normal to the 
curve and the • axis of rotation, and 8, the angle 
rotated about the axis of rotation. In order to solve 
problems involving shells of revolution, 
• a governing 
system of equations must be developed and a solution 
technique devised to solve these equations. This was 
done for KSHEL, a computer program designed for 
"' problems of stress analysis and heat transfer in shells 
of revolution. In this section the governing system of 
equations and solution technique used by KSHEL will be 
discussed. 
The governing system of· equations for arbitrary 
shells of revolution, see Figure 1, used by KSHEL, are 
given in [2] -as: 
Equation's of equilibrium 
5 
,····,·· 
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X 
Fig. 1 Arbitrary Shell of Revolution 
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Stress-strain relations 
(6) 
• 
(7) 
(8) 
( 9) 
Mq, = D (1Cq, + UKa) - ( 1 + u)aDT1 (10) 
(11) 
Strain-displacement equations 
(12) 
7 / 
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(13) 
(14) 
(15) 
( 16) 
(17) 
(18) 
.. (19) 
where 
( 20) 
In [2] these equations are reduced to a set of 
eight fundamental first order differential equations 
involving eight unknown, ct,-dependent, fundamental 
variables. The fundamental variables for a 
rotationally symmetric shell of revolution are those 
that arise from natural boundary conditions that appear 
at the edges. These variables are the four genaralized 
' It 
8 
• 
.. 
displacements, w, u,, u9, and P,, and the four 
generalized forces, Q, N~, N, and M~, where Q and N are 
the effective shear resultants 
-
( 21) 
(22) 
These reduced equations represent a two point 
boundary value problem of the form 
dy(x);dx = A(x)y(x) + b(x) ( 23) 
where y(x) are N unknown functions, in this case N = 8, 
arranged as elements of an (N, 1) matrix. A(x) and 
b(.x), (N,N) and (N, 1) matrices respectively, are 
continous functions defined on the interval a~ x ~ b, 
such that (23) holds, given the boundary conditions: 
{24) 
where Ta and Tb are given (N, N) matrices and g I l.S a 
given (N,1) matrix. KSHEL solves this problem by 
reducing (23) to an initial value problem. 
From the theory of differential equations, the 
general solution to (23) can be written in the form: 
. I 
r ' " 
. ' 
I 
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y(x) = W(x)c + d(x) (25) 
where W(x), an (N,N) matrix, is the homogeneous 
so 1 u t ion to ( 2 3 ) , and d ( x) , an ( N, 1 ) mat r ix, is the 
particular solution. THe (N, 1) column matrix, c, 
contains eight arbitrary constants. To solve this, 
first evaluate (25) at x=a and solve for c, 
Substituting c into (25) gives y(x) as 
y(x) = Y(x)y(a) + z(x) 
where 
Y(x) = W(x)W(a)-1 
z(x) - d(x) - W(x)W(a)-1d(a) 
(2 6) 
(27) 
(28) 
( 2 9) 
Y(x) and z(x) are found by solving N+l initial value 
problems defined by 
dY(x);dx = A(x)Y(x), Y(a) = I (30) 
dz(x);dx = A(x)z(x) +b(x), z(a) = 0 (31) 
To find y(a), the solutions of (30) and (31) are used 
to determine Y (b) and z (b) . 
evaluate (27) at x = b.· 
These are then used to 
y(b) = Y(b)y(a) + z(b) (32) 
Substituting (32) into (24) and solving for y(a), 
' 
y(a) = [Ta+ TbY(b)]-1 [g _, Tbz(b)] (33) 
10 
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The solution to (23) is now determined and is 
given by equations (27) and (33) with Y (x) and z (x) 
corning the solutions of (30) and (31). 
This is the solution technique used by KSHEL to 
solve problems dealing with shells of revolution. 
According to [2], this method loses all acctH:acy when 
the length of the interval, on which the problem is 
defined, reaches some critical length. To overcome 
this loss of accuracy, KSHEL uses a method of segmented 
I I integration. 
[ 2] . 
This method is described in detail in 
. "· 
1 1 
1 
3. Buckling of~ Shell of Revolution 
As shells of revdlution are loaded, like all 
elastic members they defo~. If the loads are 
increased to a point where the deformations suddenly 
become large, the shell is said to have reached a point 
of instability or buckled, and the load is called a 
• 
critical load. The shape of the buckled shel.l 
I 
.lS 
called the collpase mode. This shape is periodic 
around the circumference and the number of periods is 
called the wavenumber. Since thin-walled shells of 
revolution buckle at stresses below the elastic limit, 
the problem becomes one of determining the critical 
pressure and the collapse mode. This can be done with 
KSHEL. 
When using KSHEL, loads, boundary conditions and 
the wavenumber for circumferential deformation must be 
supplied. When performing buckling analysis, a stress 
• 
state must be supplied as well. This is supplied in 
the form of a prestress file which is solved for prior 
to the buckling analysis. The prestress file contains 
the stress state of the shell of revolution under 
consideration caused by the type 
studied, with a wavenumber of zero. 
12 
.. 
• 
of loads being 
In the present 
I 
case the loads are uniform external pressure. When 
•' 
applying boundary conditions for a pre stress file, 
• 
rigid body motion must be restrained. The boundary 
conditions are: 
Q = N+ = u8 = ~.= 0 on edge 2 
This pressure 
analysis. 
file • 1S then used in the buckling 
For shells of revolution, loads are primarily 
resisted by the membrane force resultants N8 , Nci,, and 
Ne+. To include the effect that these forces have in 
producing a collapse due to buckling, the equilibrium 
equations given by equations (1) -(5) must be modified. 
New terms must be added to the moment equilibrium 
equations (4) and (5). These terms are based on the 
deformed geometry of a differential element and are: 
(34) 
(3'5.) 
where equations (34) and (35) are added to the left 
13 1 . . r 
,' 
hand side of equations (4) and (5) respectively. It is 
the value of the forces in these terms that are taken 
from the prestress file and entered into the buckling 
analysis as loads. In the present case, the shell is 
loaded axisymmetrically and the N8~ terms are zero. 
When running the buckling analysis with KSHEL, 
.. 
no loads are applied, and the boundary conditions are 
those of the problem to be solved. For example, if the 
edges of the tube were fixed, the boundary conditions 
on both edges would be: 
To determine the critical load, several cases, with 
different wave numbers, must be solved using the same 
prestress file. These solutions consist of the stress 
states and def le ct ions of the shell at the time of 
collapse, as well as prestress multipliers. These 
prestress multipliers, when applied to the external 
loads, used in developing the prestress file, produce 
the collapse loads for their respective wave numbers. 
The wave number with yhe smallest collapse load is the 
wave number at which failure occurs . The collapse load 
. ·• 
14 
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at this wave number is then considered tfl.e critical 
load. 
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I 
• 
.~· 
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4. Boundary Conditions 
The KSHEL program • requires a specifically 
formatted data file to operate. This data file 
contains the meridian geometry, the loads, the elastic 
parameters and the boundary conditions. To write this 
data file, KSHEL has a preprocessor called IKSHEL to 
help the user. In this section a data file 
I 
l.S 
developed to determine the boundary conditions needed 
to find the critical load and collapse mode of a 
corrugated tube. 
In a corrugated tube it is noticed that each 
corrugation is symmetric about its midpoint. With this 
observation it is assumed that some of the fundamental 
variables are also symmetric about the midpoint of a 
corrugation. To find out which variables these are, a 
simple symmetric problem is solved. This problem is a 
short tube with fixed ends subjected to external 
p:ressure. 
Figure 2. 
The data file for this problem is shown in 
When defining a meridian in KSHEL, its geometry 
must be given in a specific way. The two end points of 
the meridian are called nodes, .it is at these nodes 
that boundary conditions will be applied. Connecting 
16 
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these nodes is a branch. A branch is a continuous 
section of the meridian madle up of several parts, each 
part having its own defined geometry. For the short 
tube problem the meridian consists of one part, a 
t. 
straight line connecting two nodes. Node 1 at x=O and 
y=lO and Node 2 at x=20 and y=lO. This meridian is 
then rotated around y=O to give a tube of radius 10 and 
length 20 (where any system of units can be used, as 
long as they are consistent through out the data file). 
After the meridian ' 1S defined and elastic 
parameters entered, load subcases must be entered in 
the data file. These are given by cards 9-25 in Figure 
2. These load subcases consist of boundary conditions, 
wave numbers and applied loads on each part. In this 
data file there are three subcases, The first ' 1S a 
prestress case, with external pressure and wave number 
equal to zero. The next two are buckling analyses 
which use the prestress file to determine the prestress 
multipliers for wavenurnbers of two and three. The 
solutions to the two buckling subcases are given in 
Figures 3 and 4. 
From the solutions for the two buckling subcases 
boundary conditions for the corrugated 
I 
ring are 
18 
; i'' 
-
~-
' 
' v 
SlJPf:' ASE 2 
1 ... (-. 1 
·· -L ltE 
1 
• t 
C. 
.:! tlJDE-- f WAVI"=-= ~ Fftl:.Or O OOvOOE+-Ov PR NUI 1 a O O
OOOOE+OO 
I BRANCH t-•C I f l,f.1 t,KJ l 
!i . O SWl•I MPHI 
ti M UPlil IIPHI UTHE TA
 JHl:TI\ ,.TtETI\ f'R 
0. 000 - b428E+04- l I Jb~+Ob- 3~•1 lt::+(l4- I LIJIE+ObO ,lQ(tOF.+0
00 OO<IOE•OOO OOOOE+OOO. OOOOE+OO- J347E+O~- 10:,,£+040 3 
I os·J - 1307f+05- 7516E+05- ~l2E+{l4- 1qJlF+060 7 .. t,9C-OI- IOlW£-
OI-. l~4bE+OO- 71~-01- 7238E.+05- 1810£+040 
7 
~ 
:• 2 105 - t93'1E+05- "1"'4E+05-. lt.·\7E.•0·1· 
~0~5E.+Ob0 'Jt;•b£+00- 1740£-01- ~7b0E+OO- 1~7E
+OO- 43~0E+O't- lb60E+O".JO I 
4 ~ 158 19521::+05- 96blE+040 347'!>£+0'1- IQ2
:JE+Ob0 6uOlE+OO-. ;!3~~-01- 2477E+OO-. ;!307E+OOO 
C,739E+O~ 1713E+CMO. I 
5 4. 211 - l477E+O~O ;!tOOF+OSO. 401bE+04-
16~3E+060 B0~9E+OO- ;!B04E---Ol-. 1401E+OO-. 304:M
:+OOO 14AOE+Ob0 210BE+040 l 
6 5 ~b:1 - '17b2£+040 494'>1F•O!i0 1549..-+04- 1
3'14E+Ob0 9099E•OO- 29:l7E-OI-. bq~~-01-. 3676E+
OO<l 1404E•Ob0 J4b8f:+04o 1 
7 b :Jilt - 7:.t5'?C+Cl'IO 7l~lr.+o~- ~;>57E+0'.1- 1
•J71l:+Ob<t <17b:JE+OO- 2b22E-Ol- b504E-OI-. 4193£
+000 1206£+0b0 99il2E+030 I 
R 7 :JbR - b717E+040 BR::l5F+05-~2bE+O~- 8
190F.+OSO 1055£+01-.1972E-Ot-.8290E-01-.Alb01E+
OOO 123:lE+ObO. ll23E+040 l 
""~ 8 421 - ~•4h~>F+040 ~97..JC+O~(l ltqat:+04- c..1:,.c-=:+n.,p 
1143£+01- 1 IBIE-01- 790'n:-Ot-. 489:JE+OOO 14BIE+
Ob0 IM>IE+-040 I 
10 9 474 - :~.-~5~;F+!l40 tO~t\l::+ObO ~4'17F.+0"- 193
bE.+O~C\. 120BE+OI- 3950£-02- 3980E-OI-. 50,cJE+OOO
 1742E+Ob0 2070E•040 I 
&1 10. ~2t., o ;~.2B..1L+O~{l 10~3E+Ob0 303b£+040 18:Jbt:+O~lO !~
15£+010 3771E-~O. 294,E-Ol-. so,:JE+OOO. 1787E+Ob0 ~241E+040 I 
l;l ti 579 u ~,)Oe-E+0'40 q973E.+050 2022E+040 :~316F+v~O 
I l50E+OIO l 14b£-OIO 907bE-Ol-. 4W91il.+OOO 1~24£+
060 1855£+040 l 
1:J I;! 632 O 70R]£+040 ea•;5£+05- 3b59E+030 f.tlf.7E+05
0 J041E+OIO 19,IE-010 1040E+OO-. 46~+000 1134
E+ob0. l012E+o-10 I 
14 13 b84 O ~:J5:1E+040 7;.t~,QE+O~,-- 16:.lc:.E.•040 l
035l:+Ob0 q~20£+-000 2MME-OIO YIB3F-Ol- 4203E+
OOO. 1020E+OM> ,:i4bE:+030 1 
15 14 737 0. 75bqE+040 !>OOIE+O~O cr.?bSE+0:30 1
2BIE+060 ql04E+OOO 307bE-010 31~5£-01-. 370:JE
+OOO 1372E+Ob0. l~lE+CMO l 
lb 15. 799 0 132bE+C•50. 22!· .. lE+O~O. ,3oOC+O_.O lbl
~E+-060 R-4blE+OOO ~qlbE-010 ll::?IE+OO-. 30Cl2E+
OOO 170bE+OhO. ~~4E+~O l 
17 It- 84~ 0. ;?004f+05-. Ft607E+040 4q4;:!E+040
 1930£+060 b4bB£+OOO 2333£-010. 2b~2E+OO-. 23:l&
E+ooo. t;?:tbE+ObO. ~214E+040 I 
lt:I 17. BY5 O ~110£+05-. 400'iE+OS-. ~lq5E+040 
~077E+Ob0 :QBIE+OOO. lb?:Jl.-010. 3070E+OO-. l543E+O
OO. 19b::JE+04-. 311:)E•O:JO l 
lY lB 947 O 14b7E+05- 73t:toE+Cl5-. 7176F:+O-IO 
1qe1E+060 714bE-OIO 10b8E-Ol0 1~72£+00-. 7369
£-01-. 7b82£+0~-. 210~+040 7 
20 20. 000 O 7787E•04- 1 I 14E+Ob- ;:!b97f:+040 
104~E+06- 701 IE-OBO ~109E-OOO 8591E-08-. 946'1E-<
l8- XMIE+05-. BOCfJE+-030. 3 
aTR~IN EPEHGY BR== l PT= I NEt1URANE• 0 :lO
BlbE.+07 DENDINQ• 0 I 17bb£+06 
SfRAIN ENERGY OF ....OLE SHEl L · t1Et1BRl\t..C.: 0 3~
•81bE+07 DENOINGs: 0 I 17bbE+Ob 
f f.:ii FREE VJ BHAT I OH ANO (•UC.KL I NG. ( ONVl:~GENt~ IS CONF I
 RNE Ct 
IF FOLLO~ING TMO 1.a.JNBER~= 0 b4qb4F-Ol O ~4~0BE
-Ol, AkL SUFFICIENTLV CLOSE 
Fig. 3 Solution to buckling of short tube, wave number 2. 
IRl::SS 
Bl:. +O:J 
?E:. +O :1 
7f_ +() 4 
ll:+04 
~E+04 
2£+04 
9L+04 
~E+04 
M: •04 
bl::+ 0 ·\ 
bl:::+O 4 
M:+04 
5-1:-: +O 4 
en-: +(l"I 
?.E:+04 
:lE. +O 'I 
IE+O't 
7F.+04 
9E+OJ 
llE•O.t 
.. 
I\) 
0 
l,:l~ I;, r.~ltl., llJ~1kl•.,UI 1·,..i., ~' 1',klt~~:-, hl,1UIJI',. l(J/l~·II,' llJIIIUf4 
·-:• •OC Ab£.= 
,t-(. I 
~ l INE 
l 
., 
... 
:1 
.. 
:, 
I, 
1 
a 
y 
10 
l I 
12 
l :l 
14 
l~ 1,. 
.J l"IIJOI£-= 1 WAvr .. -. J fk~ U-:: () l)•_•\•0ul .. "''' ~H MUl 1 - U oooouE +O(J 
I· BNANL H tJfl 1 P ,,. PT NO I 
5 C, t,FHI NPHI M W ur111 UPHI UlHF.TA fltfTA Nll«·.TA PR 
O O()(l O 1371t:•04- 1:-:!t17f.+Oc,- r;.:,t'-'t-'tit·I- d:1.'ll-.+CJ~O ;i(H)Ol:.+,11.10 Ou(h•t-+l-00 OOOOl:.+-000 OOOOf:+00- ~l~Of.+O~,- ~70bE+0,4:, :~ 
l 0~3 O ~112F+04- '1~1:JE+O!>- 24q'IE.t,'"l-l- IO~-lt+OhO ~n~ ... ~E-01-. 140lf-·Ol- as;•7E+OO- 3075£-01- ·l293E+05- 4990E+O:..•u .• 
2 iO!; - 1271f.+04- ~2~:jf'+()~O 4/nut·+o.J- I I lOC.+,\1,0 ;-;7,Jf_+OO- 24'47L-Ot- l"IHOF+OIJ-. 8bl0f-Ol- :Sl4lE+040 'll!>bF•030 l 
3 158 22o.-~f:+04- ; 1 0-:.-of:tC•~O 1;.!3Bf.+v4- 1074f.+<*0 ·15b7f-+Cl0- 31~?1::-0l- lhObE+OO- 13b9E+OOO 2445E+O~O lb50f:+04fl I 
4. :?II - 2137F.+0•10 ;..~~4(lf::+Q.\O l~JIOl:+04-- 9b9UE+O'!JO ol•\01-•00- 3492L-OI- 1386E+OO- 1Bb6Et000 :.NBOE+O~O. 2109f.+04,..l I 
5 ;_:1,:.1 - l725E+040 ~OOOE+050 1381£+04-· 0304£+050 7495£+00- 341 .. lE-OI- ll90E•OO- 23~+000 4755E+O!IO ;'505£+040 I 
L Jib - 13;!4[+0a10 ~.:JOlf. t-O!"tO 1577Ft-04- i,lObE+OjO 11644E+OC,- :J0'1'1l:-OI- 9885£-01-. 2709F.•OOO ~302t:+Cl50 2BalE•(>-i~, l 
1 31.0 - 9b37E+030. 7c,~:+o~o J(jl~.+04- •1944E+()5{l '15b3£+00- ;!3fl0£-0I-. 7504E-01-. 301BE+OOO 57H6E .. O~ 3206E+04() 1 
t3 421 - 60;!0£+0:lO a2r,aE•050 ;x,Qbf•<.•4- 3(•41£:•0~0 1021F+Ol- 151~f_--01- ~71 IE-01-. 323....'"'E+OOO bl"l~+OSO 3442E+040. l 
9 ·174 - ~lb4f+030 f1,;-:?<~•05l1 ;tlO'-iF•0'1- 1r:u10(- •05Cl t(J~4F+OI- :,~;,aE.-0~- lb;?9E-OI-. 3343E+OOO b3Y~l:.+O:,O 35bbc+(Ji40 1 
10 ~~n O l824E+0:10 o.:.·: 1!,f+O~-.iJ .~111~ •040 L/·~·.:t-~r t04U IO~·~ft(J 10 50RbE-0~0 1555E-Ol-. 3344E+OOO ~03E+050. 35b7f:"+040 I 
11 ":J7'1 O :>71\JE+030 f:L~lot-"+il~() ;~1 tf+0-10 :1-ii)•lt.+OJO 102;2E+OIO 1499•:-0tO 464:IE-OI- 3235£+000 blqBE.+050 3447E+oeio l 
1;; 0:.12 O 93t17L+030 :.~ .. I07f'+O!.,U. 1B~2~+Cl40 l\'-11bF+050 "'~~IE•OOO 237ot:-OIO. 74~0E-OI-. 30;?3E+OOO ~2~+0~Cl :J213£•tMO 1 
13. bt:i"' O l:J09E+040 ~-,:;~l4F+o•,o l!>A7l +-0·10 hoQl£+0~(1 36bbE.+OOO 3041E-Ol0 9950E-OI-. ~715£+000 ~3~0E+050 ~890E+040 l 
14. 737 O 1722£+040 :to .. ~E•O:-,o l:J'l!'>f+040. U:Jvhf:.+050 75~0E•OOO 3436£-010 1199E+OO-. ;!32bE•OOO •012£+0:;o 2:Sl6E+°"'O I 
17 
IH 
lY 
20 
:.:;1HA IN 
15. 7tJ~ 0 ~~l5lE .. 040 ;!h-1:Jf+CJ-10 1:J~bf:+040 97lBE+o:,o t-lb4E+OOO :14fl9E-OIO 138BE+OO- 187;,E+OOO -03bE+O~O ~l~lft-040 l 
l~. 84~~ 0 ~28BE+04- ;)f;~~tt:+0::,0. l;:!~.2F.•040 10701:-tObO "5AIE+OOO. 3l57E-OIO 161:JE+OO-. J374E+OOO. ;?49bE+O~O lb60E+040 I 
17. 895 0 1290£+04- ;..;: J ;tt- +O!>O 47fl3f'+O'.l0 I I l4E +ObO ~;78:lE+OOO 2447E-010 I 7BBE+OO-. Bi>44E-OI- 500bE+040 9 I 95E +0:J() 1 
16 947 -. ;._1()9bE+04- "~14£+0~- ;;~11{~+040 103:!E+ObO ',obOC-010 1402£-010. 1534E+OO-. 3891E-OI- 4:>0~+o:,- 49:IOE+O:JO 7 
.20 000 - 7374E•04- 1:141*-:+<>u- 9(l44L+0'10 l~Ot.:.~E+05- :-:~50E-OB0 IO~JE-()q0 9116£-08-. 44671::-09-. 3745£+05- ;.?7131::+04<) ._. 
ErEH~V BR-a I f'Tt.i I NE1"1URAl.at::= 0 90/21E+Ob UENDlf~G- 0 10369£+06 
t"(Jtc fR~E Vll•AAJlut~ AUf• UUtl\.l..ltiv, c'-', ... vEki.1:rk.L ·~ (C_il·lf· IRl'1LU 
If" F(JI_LuwlNG TWO NJHOCt=.S= c, 5410"it--01 0 :;4c,4t,("-Ol, Al•E: SUFfJC.IENr& 't (LO~E 
Fig. 4 Solution to buckling of short tube, wave number 3. 
• 
f HL ~;:., 
flf:'\v.' 
C?t. + (1: I 
·1t_ • n •I , 
.... ••).; 
~I:., .... 
;'£ •O·l 
9F. t 0.4 
~•f-" • O•l 
t,Ft 04 
of.:.+ u 'l 
'*•04 
nl • (• -1 
~•L +(J 'I 
91- + ()4 
~F+04 
:lL +(l'e 
11-. +(l -~ 
7f.+i)•l 
9F .n·~ 
Hl:.•u.1 
, 
• .. 
• 
.. 
.. 
determined. • It is seen that for both even and odd wave 
numbers that the fundamental variables, Q, N, u, and P, 
are odd functions about the point x = 10, y = 10, that 
. 
is the midpoint of the shell. These will be tested as 
boundary conditions and, for simplicity, are called 
symmetric conditions. It is also seen that the 
fundamental variables N~, M~, w and u8 are even 
fun ct ions about the midpoint. These will also be 
tested as boundary conditions and are cal.led 
antisymmetric conditions. 
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5. Case Study 
Now that the boundary conditions are found, they 
can be used to study the corrugated ring. To study 
this • ring, we will use the dimensions and material 
properties used by [ 1 ] so that a 
• 
comparison can be 
made. This particular ring is used as a case study to 
study the general group of corrugated tubes. 
The ring under consideration is made of 
commercially pure titanium with a modulus of 
elasticity, E = 1.055 X 10 6 atmospheres and Poissons 
ratio, u = 0.35 . The dimensions of the ring are shown 
in Figure 5. After determining a collapse pressure and 
• ring, buckling mode for a single the ring will be 
• in a long tube of sixteen corrugations, embedded to 
determine if the boundary conditions used are correct 
and the effects of embedding on the collapse pressure 
and mode. 
The data file for the one corrugation ring is 
made up of one branch with three parts. These parts
 
are three arcs of equal radius. The prestress file is 
stressed with a pressure of ten atmospheres. A number 
of cases are run with the symmetric boundary conditions 
22 
,, 
. \ •, 
/ 
" . 
•-
. ' 
\ 
R =13.788 mm 
+ 
Node 1 
Axis of Rotation 
f 
+ 20mm 
Node 2 
150 mm 
I 
I 
---------------------------
Fig. 5 Corrugated ring being studied. 
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equal to zero, each case with a 
different wave number. This is also done for the 
antisymmetric boundary conditions N~, M,, w,and u 8 set 
equal to zero. From Figure 6 and Figure 7 it can be 
. 
seen that the minimum prestress multiplier is 0.4277 at 
a wave number equal to 10 for the symmetric 
conditions, and O.2010 at a wavenumber of 5 for the 
antisymmetric conditions. The deformed meridian for 
each of these cases is shown in Figures 8 and 9. Also 
shown, in Figures 10 and 11, are the deformation around 
the circumference showing the significance of the wave 
number. Performing the operation of stress multiplier 
times the prestress load of ten atmospheres we find 
I 
that the collapse pressure 1S 2.01 atmospheres for 
antisymmetric conditions and 4.277 atmospheres for the 
symmetric conditions. 
To determine which set of conditions ho·ld, the 
ring is now embedded in a long tube with sixteen 
corrugations . A similar prestress file as that 
develop for the ring is developed, however in the long 
tube the ends are fixed. From Figure 12, it is seen 
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Ring of one.corrugation 
symmetric boundary conditions 
wave number prestress multiplier 
2 1.2124 
3 1.4366 
4 1.5015 
5 1.2736 
6 0.9817 
7 0.7357 
8 0.5652 
9 0.4670 
10 0.4277 
11 0.4304 
• 
Fig. 6 Prestress multipliers and wave numbers for symmetric 
boundary conditions. 
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Ring of one corrugation 
. . b d d. . Ant1s~etr1coun ary con itions 
wayenurober prestress multiplier 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1.1739 
0.9406 
0.4655 
0.2010 
0.2531 
0.4693 
0.7082 
0.8628 
0.8953 
0.8593 
Fig. 7 Prestress multipliers and wave numbers for antisymmetric 
boundary conditions. 
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RING YITH SV~METRIC BC'S 
ANGLE THETA• 8.00 TI~E• 0.00000E+00 
UAR COD ·a 8 OUTP• 1 
DEF" 
1a7_ .. ae ....... 
162.10~ 
DEFrl 
136.~0,_._ 
110.10 ....... 
85.80 ......... 
59.29~ 
33.S9Uo,6.. 
7.89_._._ 
2 
PKSHEL 
Fig. 8 Deformed meridian of ring with symmetric boundary 
conditions. 
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ANGLE THETA• 0.00 TIME• 0.00000E+00 
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136 • ~ 0-----.....___ 
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ss.ee~ 
59.29u-.-
33.69........_ 
PKSHEL 
Fig. 9 Deformed meridian of ring with antisymmetric boundary 
conditions . 
l 
·, 
I\) 
co 
• 
PKSHEL 
I ( 
........... 
+Z AXIS ·' ./ -· THET=90 ." l 
• 
I 
• 
j --~ l --- \ .. __ ......... 
I 
I 
' ~·· 
'\.-·-' 
.. ..... 
/' ·, 
,/ ' 
. ' 
~· ' 
( • • 
_,,.. 
.,.. 
......_. ........ , 
) 
Fig. 1 O Wave number of 1 O seen arround circumference of deformed 
ring with symmetric boundary conditions. 
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Fig. 11 Wave number of 5 seen around circumference of deformed 
ring with antisymmetric boundary conditions. 
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Tube made of 16 corrugations 
Antisymmetric boundary conditions 
wave nurober 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
prestress multi~lier 
0.5878 
0.9402 
0.4548 
0.2020 
0.2587 
0.4753 
0.5685 
0.4677 
0.4285 
0.4236 
0. 4 6 64 
Fig. 12 Prestress multipliers and wave numbers for corrugated tube 
with fixed ends. 
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that the minimum prestress multipli
er is 0.2010 for a 
wave number of 5. The deformed meri
dian for this tube 
is shown in Figure 13 as well as in F
igure 14 where the 
deformed meridian is shown a half w
ave number around 
the circumference of the tube, in thi
s case 36 degrees, 
to show the periodicity of the defo
rmation. This is 
also seen in Figure 15 which sh
ows the deformed 
meridian around the circumference,a
t the intersection 
of corrugations number seven and 
eight. At this 
intersection point plots are given 
of the fundamental 
variable around the circumference. 
These plots can be 
found as Figures 16 through 18. It
 is seen in these 
figures that w and u8 although not 
exactly zero are 
small I in comparison to the 
other generalized 
The other fundamental displacement, 
~8, although not sh
own here, is small throughout the 
length of the meridian and is even 
about this point. 
The other fundamental variable, gener
alized force N,, is 
shown negligible in comparison with
 Q in Figure 19. 
The moment resultant, Mt, shown in Figur
e 20, although 
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ANGLE THETA• 0.00 TIME• 0.00000£+00 
UAR COD 8 0 OUTP• 1 
DEFM 
671.19---
576.~8_..,_ 
DEFPI · 
481. 77 ........... 
3.87. 06-..-
292.35-...... 
8.22wi..+-
PKSHEL 
• • 
AXIS OF SVl'tf'IETRV 
Fig. 13 Deformed meridian of corrugated tube with fixed ends. 
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DEF" 
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8. 22_...,_ 
Fig. 14 Deformed meridian rotated 36 degrees. 
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Fig. 15 Wave number of 5 around the circumference of the 
corrugated tube at the intersection of corrugations seven and eight. 
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-x~LINE NUMBER• 210 TIME 2 0.00000E+00 
UAR COD ~ 6 OUTP• 1 
Iii UTHT 
..15E-0 ........ 
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Fig. 16 Generalized displacements, w and u0 , around 
circumference at the intersection of corrugations seven and eight. 
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Fig. 17 Generalized displacement, w, is seen to be small when 
compared to uq>, around the cirference at the intersection of 
corrugations seven and eight. 
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Fig. 18 Generalized displacement, u0, is also seen to be small when 
compared to uq,, also between corrugations seven and eight. 
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Fig. 19 Generalized force, N4>, is seen to be small when compared to 
Q, at the intersection of corrugations seven and eight. 
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Fig. 20 Generalized force, M<P, is seen to approach zero, at the 
intersections of corrugations. 
-
. '
' not zero,can be shown to approach zero as th length of 
the tube increases. The other resultant force, N, has 
a similar distribution as b' and is not zero at the 
intersection. From Figures 21 through 24 it can be 
seen that the four fundamental variables, which are 
zero at the midpoint of rings seven and eight, are 
periodic along the length of the tube,and approach zero 
at the midpoint of each ring. From this it can be seen 
that the antisymmetric boundary conditons, used to 
study one ring, appear at the intersection of rings in 
a long tube. 
I To summarize, the antisymmetric boundary 
conditons on a one corrugation ring produce a collapse 
load of 2. 02 atmospheres and a deformation mode of 5 
wavelengths. Upon being embedded in a long tube, a 
collapse load was found to be 2.01 atmospheres with a 
deformation mode qf 5 wavelengths. The antisymmetric 
boundary conditions appear at the intersection of each 
I 
ring. 
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Fig. 21 Generalized displacement, u0, is periodic along the length o1 
the tube, and approaches zero at the intersection of corrugations. 
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Fig. 22 Generalized displacement, w, is periodic along the length of 
the tube, and approaches zero at the intersection of corrugations. 
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Fig. 23 Generalized force, Mq,, is periodic along the length of the 
tube, and approaches zero at the intersection of corrugations. 
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Fig. 24 Generalized force, N4>, is periodic along the length of the 
tube, and approaches zero at the intersection of corrugations. 
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6. Discussion 
In shells of revolution, external loads are 
supported by the membrane force resultants N8, N,, and 
... 
N'8. For a cylindrical tube, symmetrically loaded under 
external pressure, the entire load is supported by the 
curvature in the 8 direction, that is N8 is equal to a 
constant while N• and N8• are equal to zero. When 
corrugations are added to this tube, the external 
pressure can now be supported by both the curvatures in 
the 9 direction and the q, direction. Nci, is no longer 
equal to zero. This increases the ability for the tube 
to withstand external pressure and 
I increases the 
critical load at which the tube will buckle. For 
example, for a cylindrical tube with the same 
dimensions as the corrugated tube studied here, that is 
8 4 8 nun long, 160 mm mean radius and a thickness of O. 3 
mm, equation 11.12 of [SJ gives a critical pressure of 
0.0178 atmospheres with a wave number of 4. This 
critical pressure is less than 1% of the pressure the 
corrugated tube is able to withstand before buckling. 
On the other hand, for a cylindrical tube to withstand 
p 
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the pressure of the corrugated tube, it would have to 
be 2 mm thick. This is an increase in material used of 
almost 400% by volume. Therefore, a substantial amount 
.. 
of material can be saved in producing corrugated tubes 
rather than cylindrical ones, with no effects on the 
critical load. 
Also shown here is the ability to study these 
corrugated tubes as corrugated rings with the following 
boundary conditions applied to their edges. 
Nci, = Mei, = u9 = w = 0 
For the tube studied, this was found true regardless of 
the end conditions. Here fixed ends produced a 
critical pressure of 2. 02 atmospheres and other end 
conditions, such as the symmetric or antisymmetric 
conditions produced er it ical loads of 2 . 01 and 2 . 0 2 
atmospheres respectively. All such end conditions 
produced a collapse mode of 5 wavelengths around the 
circumference, and the antisymmetric conditions at the 
intersections of the corrugations. 
ends buckled at 1. 54 atmospheres. 
A tube with free 
This decrease in 
critical pressure is due to the large unrestrained 
deformations allowable at the ends. 
In [1], Bargmann found, analytically, that the critical 
[I 
• 47 
,, 
' ' 
. ~ . . 
~.,.. . - ·I· 
... ·: 
• 
" . ., 
j 
.. 
pressure for a similar tube was 2.8 atmospheres and 
cites an experiment producing a critical pre.ssure of 
3.4 atmospheres. From these results, it is seen that 
the KSHEL program produces a somewhat conservative 
value for critical pressure, therefore, further 
experiments and comparisons are indicated. In making 
this conclusion however, it is assumed that Bargmann 
applied antisymmetric boundary conditions to his ring. 
If perhaps, symmetry conditions were forced at the 
intersections,of corrugations in the experimental tube, 
then KSHEL produces a solution consistent with the 
collapse pressure obtained in the experiment, that is 
4.27 atmospheres for KSHEL as compared to 3.4 for the 
experiment. Further studies can also be made with 
KSHEL using elastic constraints as boundary conditons. 
These restraints would have the form 
or symbolically as 
48 
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( F ) [ K ] ( 6 ) -
where the values of [ K] are dependent on the material 
parameters and geometry of the corrugations and must be 
determined. 
Finally, it can be said that the case study 
gi·ven here is representative of the entire class of 
corrugated tubes, since the assumptions made here are 
applicable to all corrugated tubes. 
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